The transformation which adds (or removes) NUT charge when it is applied to electrovacuum, axisymmetric and stationary space-times is studied. After analysing the Ehlers and the Reina-Treves transformations we propose a new one more precise in the presence of the Maxwell electromagnetic field. As an example the Kerr-Newman-NUT black hole is obtained with the help of this enhanced transformation. Moreover a new analytical exact solution is built adding the NUT charge to the Majumdar-Papapetrou metric. It describes a stationary generalisation of an extreme couple of charged black holes. From the near-horizon analysis, its microscopic entropy, according to the Kerr/CFT correspondence, is found and the second law of black hole thermodynamics is discussed.
Introduction
Recent gravitational waves detection confirms the existence of binary black holes systems. Actually because of the enormous emission of gravitational radiation provided by the interaction of black hole pairs this will be the most abundant and relevant source and of gravitational waves data in the near future. Numerical relativity is developing some powerful tools to study black hole coalescence and merging. However analytical and exact solutions to qualitatively study phenomena involving an ensemble of interacting black holes are scarce. The few known belong to the class of static solutions, most of all supported by extra matter, such as cosmic strings, to sustain the gravitational attraction between the two sources and avoid the gravitational collapse, see for example [1] or [2] . Actually, in the context of static metrics, it have been shown that, under certain reasonable regularity assumptions, the only multi black hole configuration is an extremal ensemble of charged sources [3] , [23] . On the other hand some hopes about a regular solutions may stem from the spin-spin repulsion effect of rotating bodies (eventually coupled with the repulsion electomagnetic effect). But because of the increasing technical complexity, the available stationary and rotating solutions involving more than one black hole, as the double Kerr-(Newman) solutions of [4] or [5] , just to cite some famous cases, are even more uncommon than the static case. But generally these solutions are neither everywhere regular 1 nor the two sources are causally connected, as in the case of accelerating and rotating metrics belonging to the Plebanski-Demianki family [10] . Between these kind of metrics the more physical are the ones where the conical singularities are only between the two sources, avoiding to have conical defects extending to spacial infinity, which remains a globally well defined asymptotic region [11] . The purpose of this article is to enrich this scenario furnishing an analytical method to add rotation to static solutions, including multi black hole ones, in the standard theory of general relativity, without the cosmological constant, coupled to Maxwell electromagnetism. At this scope, in the context of axisymmetric and stationary space-times, some transformations known to add the Newman-Unti-Tamburino (NUT) parameter to a chosen seed solution, such as the Ehlers or the Reina-Treves transformation, are studied, in particular in section 4. In section (3) we will see, throughout examples, how the known transformations of these kind, in the realm of pure general relativity, present some issues in the presence of the (standard) electromagnetic field. In section 4 a new transformation able to add NUT charge to axisymmetric and stationary spacetimes, but without the criticalities of the known transformations, is proposed. In section 5 this enanched transformation is exploited to generate a stationary generalisation of the solution found by Alekseev and Belinski [15] , which is an analytical exact solution describing a couple of charged black hole at equilibrium. The extremal specialization of the Alekseev-Belinski-NUT spacetime reduce to the Majumdar-Papapetrou [19] - [20] metric endowed with an extra NUT parameter. The easy near horizon geometry of the latter solution allows one to follow the procedure provided by the Kerr/CFT correspondence [27] , [28] , [29] , [30] to address the issue of the microscopic entropy of the Majumdar-Papapetrou black holes. Since these metrics can describe an ensemble of multiple gravitational sources endowed with an electromagnetic monopoles or, thanks to a specific choice of its parameters, a single charged source, it is possible to discuss the second law of black hole thermodynamics: which configuration is favoured from a thermodynamics point of view, specifically which of the two qualitative configurations is more likely to occur as a final state of a gravitational interaction. This is done in section 5.
Review of the Ernst generating technique
In this article we will focus on the standard theory of General Relativity coupled with Maxwell electromagnetism, governed by the following action
From (2.1) it is possible to derive the field equations for the metric g µν and electromagnetic vector potential
2)
3)
The electromagnetic Faraday tensor F µν is defined, as usual, from the U (1) gauge four-potential F µν := ∂ µ A ν − ∂ ν A µ . The most generic axisymmetric and stationary spacetime, containing two commuting Killing vectors ∂ t and ∂ ϕ , can be written, for this theory, in the Lewis-Weyl-Papapetrou (LWP) form as
All the three structure functions appearing in the metric f, ω and γ depends only on the non-Killing coordinates (ρ, z). We will consider a generic electromagnetic potential compatible with the spacetime symmetries, and the circularity of the LWP metric, given by A = A t (ρ, z)dt + A ϕ (ρ, z)dϕ. For a discussion about the generality of the electromagnetic ansatz see [7] . Ernst in [8] discovered that, when the equations of motion (2.2)-(2.3) are restricted to the above axisymmetric and stationary ansatz, they reduce to a couple of complex vectorial differential equations, as follow 6) and two other first order partial differential equations for γ(ρ, z), decoupled from the previous ones (2.5) and (2.6)
The complex Ernst potential are defined as
whereÃ ϕ and h can be obtained from
So the Ernst equations constitute the main equations for the physical system, because once the Ernst potential, satisfying (2.5) and (2.6), are known, γ(ρ, z) is obtained by quadratures from (2.7) -(2.8).
The differential operators ( − → ∇ and ∇ 2 ) appearing in (2.5)-(2.6) are just the flat gradient and Laplacian in cylindrical Weyl coordinates (ρ, z, ϕ)
3 .
The equations of motion for the stationary and axisymmetric complex Ernst potentials (2.5) and (2.6) can be deduced from the following effective action for the complex fields couple (E, Φ)
From the above Lagrangian density in the square brackets, it's possible to derive that the Ernst equations for the complex fields (E, Φ) have some remarkable non-trivial Lie point symmetries properties [36] , [51] which form the SU (2, 1) group. These symmetries can be written as a set of five independent transformation which leave invariant the action (2.12) and its equation of motion (2.5)-(2.6):
where b, c ∈ R and α, λ, β ∈ C. Some of these transformation are just gauge symmetries and can be reabsorbed by a coordinate transformation, while others actually have non-trivial physical effects. The combination of (I)-(V) generate other transformation, for example applying (I)-(III) in a certain limit of the parameters 4 gives the inversion transformation
which will be useful in the next sections. A particular specialization, for null electromagnetic field, of this inversion transformation is known as the Buchdahl transformation. In this article we will mainly focus on the transformation of type (III) called the Ehlers transformation. It maps a given solution of the axisymmetric and stationary Einstein-Maxwell equations, identified by the Ernst potentials (E, Φ), in another non-equivalent one (E ′ , Φ ′ ). The Ehlers transformation is parametrised by a real number c which introduce an extra parameter to the seed solution usually interpreted as the NUT (Newman-Unti-Tamburino) charge 5 .
Recently the physical significance of the NUT generalisation of lorenzian black holes solutions in general relativity has been partially rehabilitated, under certain assumptions [25] . Nevertheless there is a open discussion about the physical interpretation of the conical singularities, that may take place in the presence of the NUT parameter. In fact the nodal singularities typically appearing on the axis of symmetry, usually called Misner strings, can be removed by a periodic time identification, which naturally generates closed timelike curves. Therefore some people prefers to keep the string and interpret it as a singular material source of angular momentum. In [38] the Ehlers transformation, although in another form, was applied to the Kerr black hole seed to obtain the Kerr-NUT spacetime. However we will make use of the Ehlers transformation in the form of (2.13-III) because it is easier to apply it to generic Ernst seed potentials.
3 Example: adding NUT to the Kerr-Newman black hole
In this section, as an example to show how the solution generating tecnhique works, we will generalise the work of [38] to show how to obtain the Kerr-Newman-NUT solution from the Kerr Newman black hole. The Kerr-Newman spacetime describes a rotating and charged asymptotically flat black hole in General Relativity. In the presence of both electric and magnetic monopole charge, respectively labelled q and p, the solution can be written in Boyer-Lindquist coordinates as follows
where
The first step of the Ernst procedure consists in identifying the f, ω, γ functions appearing the Lewis-WeylPapapetrou ansatz (2.4) for the seed metric, which in this case is the the Kerr-Newman one. At this purpose the coordinates transformation
is applied to (2.4) to get a better suited LWP line element for the chosen coordinates
(3.5) The constant κ, specifically for the Kerr-Newman spacetime, takes the value κ = m 2 − a 2 − q 2 − p 2 . By comparing the metrics (3.1) and (3.5) it is possible to determinate the structure functions of the KerrNewman metric. We will present them in more ergonomic coordinates (r, x := cos θ):
The differential operators − → ∇ and ∇ 2 in terms of the coordinates (r, x) becomes
The (r, x) coordinates are closely related with the prolate spherical ones (y, x). To obtain these latter is sufficient to define y := (r − m)/κ. Then in order to identify the electromagnetic seed Ernst potential Φ 0 6 , as defined in (2.9), for the KerrNewman gauge field we need to deriveÃ ϕ from eq (2.10) and taking into account eqs. (3.2), (3.6)-(3.9). For the seed under consideration we havẽ
While to obtain the gravitational Ernst potential for the seed Kerr-Newman metric E 0 we have first to integrate (2.11) to get
Now we can apply the Ehlers transformation (2.13-III) to the seed Ernst potentials (E 0 , Φ 0 ) to generate a new axisymmetric and stationary solution of the Einstein-Maxwell theory in terms of the Ernst potentials
. (3.14)
To come back to the metric and vector potential representation it is sufficient to use the definitions (2.9) -(2.11). In particular f, ω, A t can be read directly from (2.9)
The above quantities have to be inserted in the equation (2.11) to obtain
Then, finally, also (2.10) can be solved to get
The arbitrary constants ω 0 and A ϕ0 usually are constrained by asking regularity of the metric and the magnetic field on the symmetry axis ρ = 0. In particular the magnetic field, to be globally well behaved, should fulfil the physical requirement assuring that the magnetic monopole moments must be null [39] , therefore lim
The Ehlers transformation is not affecting the γ function, which remains the same as the seed γ 0 . This can be directly verified, by substitution of (3.13)-(3.14), from eqs. (2.7) -(2.8).
The solution generated by the Ehlers transformation represents a Kerr-Newman black hole in a Taub-NUT background, whose electromagnetic vector potential is generally written in this form
(3.22) To have a well defined Maxwell potential, in the no rotation limit, the constantÂ φ0 have to be fiexd to − pℓ a . In the case one wants to verify the equivalence of the generated metric and the standard Kerr-Newman-NUT one, denoted as dŝ 2 , it is necessary a coordinate transformation and a rescaling some parameters.
Interesting enough the same procedure is not sufficient to get the electromagnetic potentialÂ µ of (3.22), in fact neither the asymptotic behaviour of the RN-NUT electromagnetic field is retrieved. A further duality transformation on the electromagnetic field is required. Of course in four-dimensions this transformation is not affecting the metric. In terms of the Ernst potential the duality transformation can be written as
Which actually is a special unitary sub-case, when λ = exp(iβ), of the more general symmetry (2.13)-(I) of the Ernst electrovacuum equations (2.5)-(2.6). Thus the non-null components of the rotated electromagnetic vector potential (3.17) and (3.20) can be obtained by (2.9) and (2.10). They become respectivelȳ
To check the equivalence of the electromagnetic potentials (3.24)-(3.25) and (3.22) the following coordinates transformation of the temporal and radial coordinate is needed 26) and a rescaling of the physical parameters
Where the relation between the extra parameter introduced by the Ehlers transformation c and the standard NUT one ℓ is
Finally the particular duality rotation (3.23) which completes the alignment of the electromagnetic vector potentialsĀ µ andÂ µ is given by
Thanks to the above coordinates transformation also the Ehlers transformed Kerr-Newman metric, basically determined by eqs. (2.4), (3.8), (3.16) and (3.19) , fits into the usual dyonic Kerr-Newmann-NUT form
7ω 0 andÂ Φ0 are usually chosen to be null, while ω 0 = −2ℓ. 8 This parametrization is consistent for the negative branch of ℓ, when ℓ > 0 some signs change.
This procedure is completely generic and does not apply only to the Kerr-Newman spacetime, but to all axisimmetric and stationary spacetimes of Einstein-Maxwell theory.
In the section 5 the same technique will be exploited to obtain a new solution describing a nut generalisation of a couple of charged black holes.
Enhanced Ehlers and Reina-Treves Transformations
Originally Ehlers, in his 1959 thesis, discovered a symmetry of the Ernst field equations (2.5)-(2.6) that can be written as follows
for any complex Ernst potential of the form
It easy to show that the (4.1) transformation is equivalent to the Ehlers transformation written in the form of eq (2.13-III). Nevertheless in the previous section we have realised that, in general, the so called Ehlers transformation given in eqs (2.13-III) is not sufficient to add the NUT charge to the electrovacuum axisymmetric spacetime seed. When the seed presents a non-null Maxwell electromagnetic field, the Ehlers transformation (2.13-III) adds an additional (and undesired) rotation to the U (1) electromagnetic vector potential and an extra duality transformation of the Ernst potential is needed. On the other hand Reina and Treves in [38] pointed out how to add NUT charge to spacetimes whose Ernst complex potentials can be written as
As explained by Ernst in [8] the above form can be obtained requiring that E is an analytic function of Φ and using boundary conditions which mimic the asymptotic flatness, E = 1 and Φ = 0 at spatial infinity. In fact the Kerr-Newman solution can be cast into the form (4.3). Actually in [38] only uncharged solutions were treated such as the Kerr black hole or the Tomimatzu-Satu metric. Anyway it can be shown that the NUT parameter can be added to the seed spacetime written as (4.3) just rotating the complex function ξ by a constant fase in the complex plane
However in presence of the electromagnetic potential, just as for the Ehlers transformation, the procedure is not so straight. First of all we would like to clarify the relation between the Ehlers transformation and the Reina-Treves one (4.4), apart the mentioned reduced domain of applicability of the latter. Applying the following transformations to the complex Ernst potentials (4.3)
and considering λ = 1 − ib we get the transformed complex potentials
. 
which exactly corresponds to transformation given (4.4) when applied to the potentials of the form (4.3). Therefore we have shown how the Reina-Treves transformation can be deduced from a proper composition of the basic invariance symmetries (2.13) of the Ernst Fields equations. Note that the relation between the Reina-Treves and Ehlers transformation stems from the fact that, the latter is a part of the inverse transformation we used in eq (4.5), as explained in footnote 4. Now that we know how to obtain the Reina-Treves transformation from the basic SU (2, 1) symmetries transformations (2.13), we can extend the transformation (4.4) for more general Ernst potentials with respect to the asymptotic flat subclass (4.3) the Reina-Treves. Just applying the sequence of transformations (4.5) to unconstrained Ernst potentials we get
Note that, when written in this form, the similarities with the Ehlers transformation are quite apparent. Nevertheless, repeating the procedure discussed in the previous section for the Ehlers transformation, but this time using the transformation proposed by Reina-Treves, we realise that also in this case an extra duality transformation is needed in the presence of the electromagnetic field (followed by a coordinates transformation too).
Instead it would be optimal to know exactly which is the transformation able to only add the NUT charge to a chosen seed spacetime. This point turns out to be particularly relevant, as in the the next section case, where the result of the transformation is an unknown solution, thus in principle we ignore if extra manipulations or transformations are needed to get only the NUT extension (and eventually which ones). After having repeated the previous section algorithm to add the NUT charge to the Kerr-Newman black hole for the Reina-Treves transformation (4.7) or in the generalised version (4.8) 9 , it is possible to understand which kind of duality transformation of the electromagnetic field is necessary. In fact the actual transformations which produces the NUT generalisation of a given seed spacetime is
Otherwise using the Reina-Treves original notation of the article [38] the enhanced transformation reads
To sum up neither the Ehlers nor the Reina-Treves transformations exactly generates the NUT extension of the seed electrovacuum spacetime, but the (4.9) or (4.10) do. Maybe this can be the reason why Reina and Treves in [38] treated only the Kerr black hole with no electromagnetic field. Note that when sequentially composed trivial transformations may be not reabsorbed by a gauge or a coordinate transformation. For instance the inversion transformation maps (2.13)-(II) into (2.13)-(III). Thus, henceforward in the article, we will prefer to work with the transformation (4.9) to build new solutions, because it is more precise, especially when simultaneously composed with others transformation and because it can be applied to general seeds in the presence of the Maxwell electromagnetic field, so it is more convenient.
NUT generalisation of Majumdar-Papapetrou black holes
Now that we clarify which is the proper transformation able to add the NUT charge to any axisymmetric and stationary electrovacuum space-time, would be interesting to test its effectiveness applying the result of the previous section to a given seed to obtain a novel solution.
The generalised enhanced Reina-Treves transformation (4.9) is able to map a static metric in a stationary one. This feature can be exploited to build, for the first time, a coalescence of a binary system composed by two rotating regular black holes at equilibrium. While some binary system describing two Kerr sources at equilibrium have been found [12] , [5] , [4] [11], it can be shown that these sources can never describe a legit couple of black holes because one of the two sources have to be hyper-extremal [18] . If one insists in keeping both Kerr sources under the extremal limit, non-removable conical singularities between the two black holes, not covered by any horizon, appears. Recently also a couple of regular but accelerating and rotating black holes have been obtained by the Ernst technique [13] but the two sources are of a different kind, they are not casually connected.
Possibly the easiest path to reach our goal is to consider one of the simplest binary regular black hole couple, i.e. the Majumdar-Papapetrou solution [19] , [20] . It describes an ensemble of charged and extremal black holes, of the Reissner-Nordstrom type, at equilibrium, where the gravitational attraction is compensated by the electric repulsion between the sources. While the ensemble can be formed by an arbitrary number of sources, for simplicity we will just focus on the easier case composed by two black holes.
The non-extremal case: NUT generalisation of a RN black holes pair
Alekseev and Belisnki [14] and Manko [16] have been able extend the Majumdar-Papapetrou di-hole solution also outside the extremal case. But, even in this setting, outside the extremality the two sources, at equilibrium, cannot simultaneously be under-extreme black holes without the introduction of extra conical singularities. Using the notation of [14] the double (non-extremal) Reinssner-Nordstrom solution can be written in terms of the LWP metric (2.4), where the structure functions are
with i ∈ {1, 2} and
The bipolar coordinates (x i , y i ) are defined with respect to the (ρ, z) as follows
The non extremal solution at equilibrium has four independent parameters, the ones related to the masses and charges 10 of the two black holes m 1 , m 2 , q 1 , q 2 , constrained by the equilibrium condition m 1 m 2 = q 1 q 2 and the constantγ, related to the distance ℓ between the two mass sources placed on the z-axis at the points
The constants σ i are connected to the above parameterγ by the two constraints σ i = m
To obtain the NUT extension of this solution first it is necessary to get its Ernst complex potentials. From definitions (2.9) we have
Hence applying the enhanced generalised Reina-Treves transformation (4.10) we can add the NUT charge, parametrised by b, to the equilibrium configuration of two Reissner-Nordstrom sources. In term of the Ernst potentials it reads
As can be easily understood from the non-null imaginary part of the Ernst potential the static AlekseevBelinski solution after the above transformation becomes stationary. The structure functions for the metric and Maxwell potential can be deduced from eqs. (2.9) -(2.11), as it was done in the Kerr-Newman-NUT case of section 3. A detailed study of this solution, in particular the absence of conical singularities and strings on the symmetry axis, which guarantees the equilibrium also after applying the enhanced Ehlers transformation, is outside the scope of the paper, but may be addressed in a specific publication in the future. In the rest of the article we will prefer to deal with a simpler case.
The extremal case: Majumdar-Papapetrou-NUT spacetime
Some stationary generalisations of the Majumdar-Papapetrou solution were firstly discovered by Israel and Wilson [21] and indipendently by Perjes [22] , mainly focusing in a multi Kerr-Newman sources. But these intents fall in a different class where the two complex Ernst potentials have a linear relation between themself and a constrained value between the masses and the electric charges of the constituents. The latter assumption implies extremality only in absence of the usual angular momentum parameter (often called a), otherwise the horizons turn out hyper-extremal. Hawking and Hartle [23] have shown that the only multi sources solutions of these kind, without naked singularities, were the static and extremal ones discovered by Majumdar and Papapetrou. Note that the NUT generalisation of the multi sources non-extremal solution above does not belong to the family studied by Israel and Wilson, therefore the Harle and Hawking no-go theorem does not apply. In fact the extremal case is of special interest between the whole family of two equilibrium Reissner-Nordstrom configurations [15] , [17] , because, only in this specific eventuality, both sources can be considered as regular black holes. For this reason it represents a good choice as a seed solution to analyse our generating technique in more detail. For simplicity we choose to deal with an electrically charged seed only (i.e. the standard MP solution).
At extremality m i = e i ,γ = γ = 0 = σ i , so the bipolar coordinates simplifies in
From eqs (5.1)-(5.4) it is easy to find that the only non-trivial function of the LWP ansatz becomes
while the electromagnetic potential, after a trivial gauge transformation given by a unitary constant shift with respect to (5.10), can be written as
Considering that the two sources are located symmetrically with respect to the origin of the z-axis, we can set, without losing generality, that z 1 = −λ and z 2 = λ. In that case the only non-trivial function of the LWP ansatz, describing the Majumdar-Papapetrou solution, takes the economical form
where 18) and the two-dimensional coordinates (x, y) can be obtained as the inverse of the usual cylindrical coordinates (of the LWP ansatz)
as follows
(5.20)
In these coordinates the LWP metric (2.4) takes the form
Thanks to the coordinates transformation (5.20) it is easy to see that the f functions in eqs (5.14) and (5.16) coincide. Moreover the electric field of (5.10) can be cast as A t = F/E − , while the remaining seed 11 More details about this transformation and the differential operators associated to the new set of coordinates can be found in appendix A. structure functions of the LWP metric are ω(x, y) = 0 and γ(x, y) = 0. Hence the seed Ernst potentials for the Majumdar-Papapetrou solution are
Applying the transformation (4.9) to the above seed we can add to the complex potentials the NUT parameter
hence, taking into account the definitions (2.9), (2.10) and (2.11), we get
As explained in section 3 the NUT transformation is not changing the decoupled function γ(x, y), which remains null as the seed.
To understand the physical properties of the solution the polar coordinates centred in one of the two black hole, let's say the black hole of mass m 1 ,r = ρ 2 + (z + λ) 2 , (5.27) 28) are useful.r = r − m 1 and the θ axis is aligned with the two mass points. In these coordinates the Majumdar-Papapetrou-NUT metric functions f and ω of the LWP metric (2.4)
read respectively f (r, θ) hole, through the m 2 → 0 limit, while the Majumdar-Papepetrou, in the standard coordinates presented in [23] , [24] is retrieved when the nut parameter b is null (the relation between the nut parameter b of the enhanced and generalised Reina-Treves transformation is related to the standard NUT parameter as seen in eq (B.8)). The two event horizons are located at ρ = 0 and z = ±λ, thus their distance is 2λ. Actually, in terms of the radial coordinate centred in the m 1 black hole, the loci identified by ρ = 0 and z = −λ correspond tor = 0, which is not a point but it represents a surface of finite area
Moreover from the inspection of the polar circumference (meridian)
and azimuthal circumference (parallels)
of the event horizon of mass m 1 (at constant t) it is possible to infer the spherical symmetry of the event horizon. Speculiar result for the event horizon area and circumferences can be obtained using a set of coordinates centred in the second black hole, just replace m 1 with m 2 . Following the reasoning of Hartle and Hawking in [23] for the NUT free case, it is possible to show that the geometry atr = 0 is regular and it describes a null surface. At this scope consider the following coordinates transformation t = u + F (r) , (5.34) where the F (r) function is chosen such that
Then, defining U (r) := f −1 (r, θ), the metric becomes 36) which, in the neighbourhood ofr = 0, it simplifies to
The above metric is explicitly regular atr = 0, thus we can extend the manifold to negative values ofr, furthermore it's clear thatr = 0 describes a null-surface. Thanks to the following definitions r 1 = −r , r 2 = r 2 1 + 4λr 1 cos θ + 4λ 2 (5.38) the extended spacetime is described by the metric (5.29) but with f (r, θ) replaced bỹ
(5.39)
In the known case of standard Majumdar-Papapetrou metric, for b = 0, let's call the content of the nonvanishing bracket of (5.39)Ũ 0 (r 1 , θ). In that case the functionŨ 0 (r 1 , θ), close to r 1 = 0 takes large negative values, while for r 2 ≈ 0 takes positive values, so must vanish somewhere in between, where the metric diverges. Actually from the curvature scalar invariants 13 , it is possible to realise that the zeros ofŨ 0 are points where the curvature invariants diverge, while as we have seen above, r 1 = 0 it is just a coordinate singularity. The locus ofŨ 0 (r 1 , θ) = 0 is not a surface but a point. It can be shown, just considering a surface inside the domain defined byŨ 0 (r 1 , θ) = 0 and letting it tend toŨ 0 (r 1 , θ) = 0, we get 
Warm up: Reissner-Nordstrom-NUT/CFT correspondence
The Kerr-CFT correspondence aims to describe the microscopical degree of freedom of a black hole, especially at extremality, through a duality between the near horizon geometry of the black hole and a conformal field theory dual to the near horizon geometry placed on its asymptotic region, [29] and [30] . It would be interesting to check if the tools provided by the Kerr-CFT can be extended in the context of multi black holes. From the extremal near horizon geometry of the Majumdar-Papapetrou-NUT black hole it is possible to extract the central charge of the dual CFT associated to the black hole solution. Unfortunately in the case of extremal charged black hole with NUT the diagonal form of the near horizon metric makes difficult to implement the standard stationary Kerr-CFT picture, where the central charge is strongly related to the rotation of the black hole. On the other hand for the electrically charged black hole solutions it is possible to exploit an alternative approach which is not based on the rotational symmetry around the azimuthal angle, but on the U (1) symmetry of the Maxwell gauge potential. The Kaluza-Klein uplift of our solution in one dimension more transforms the electromagnetic degrees of freedom in rotational, as explained in [30] (see also [32] and [33] ). In fact considering the Abelian gauge field to be wrapped around a compact extra dimension ψ of period 2πR ψ we can define an extremal Frolov-Thorne vacuum, which correspond to a temperature in the boundary conformal field theory 15 , in units of R ψ : T ψ = T e R ψ . In analogy with the standard rotational picture, at extremality, the electromagnetic chemical potential T e can be defined as 41) where the Ψ e represents the Coulomb electromagnetic potential evaluated at the event horizon (Ψ ext e is the extremal case), while T H is the usual Hawking temperature. To clarify some points let's review some aspects of the microscopic entropy the Reissner-Nordstrom-NUT black holes, recently studied also in [34] . The line element and the gauge vector potential of the dyonic generalisation of the solution found by Brill in [31] are given respectively by
.42) and
The metric presents two Killing horizon, an inner r − and outer r + one, located at r ± = m± m 2 − q 2 − p 2 + ℓ 2 .
In the extremal case they coincide at r ext + = q 2 + p 2 − ℓ 2 . Since the angular velocity at the event horizon is null, Ω J = 0, the Killing vector generating the event horizon remains the same of the Reissner-Nordstrom one: χ = ∂ t . Then the Hawking temperature T H is defined from the surface gravity κ s as follows
Thus at extremality (r + = r − ) the Hawking temperature become null. Nevertheless the electromagnetic chemical potential, as defined in (5.41), is well defined and non null for the extreme RN-NUT black hole 45) since the Coulomb electromagnetic potencial for RN spacetime is given by
To reach the extremal RN-NUT near horizon metric the following change of coordinates adapted to the horizon is needed
Taking the limit for β → 0 the metric near the horizon of an extreme RN-NUT take the form of warped product of AdS 2 × S 2 , in particular, as shown in [35] or [30] , it can be cast into the standard form of an extremal near-horizon geometry
To write the near horizon gauge vector potential, in addition to the coordinates transformation (5.47), the electric potential have to be gauge shifted: A t −→ A t + Ψ e . Then in the near-horizon limit, for β → 0 we have
Comparing with the general near horizon form for the static case
we can extract the value of the constant
hence the electromagnetic chemical potential for the RN-NUT black hole can be written as
Finally the central charge of the dual conformal field model living on the boundary of the near horizon metric, as explained in [30] , [33] is given by
According to the Kerr/CFT correspondence the microscopic entropy of the extremal RN-NUT black hole can be obtained by the Cardy formula, considering as the left central charge the c Q and the left temperature 16 as T ψ
The microscopic entropy of the extremal Reissner-Nordstrom-NUT coincides with a quarter of its horizon area A
Note that the presence of the NUT parameter is not affecting the final result, the entropy remain the same of the standard dyonic extreme Reissner-Nordstrom black hole. Note also that the microscopic entropy of RNN black hole, according to the Kerr/CFT correspondence agrees with the Bekenstein-Hawking law, but it does not agree with others entropy proposals, such as [40] .
Near horizon geometry of the Majumdar-Papapetrou-(NUT) spacetime
As we have seen in section 5.3, for a single extremal charged black hole it is known that the near-horizon geometry is not affected directly by the presence of the NUT parameter. It would be interesting to see if the same result holds also for the double extremal charged black hole endowed with the NUT charge. At this scope let's consider the di-hole solution in the coordinates centred in one of the black holes, given by the eqs (5.29)-(5.31). To get the near horizon limit it is propaedeutic a change of coordinates adapted (and in a co-rotating frame with respect) to the event horizon
The constant r 0 is needed to remain with dimensionless coordinates, while Ω J is the angular velocity at the horizon r + , which results null even though the metric is stationary:
As explained above in these coordinates the event horizon is wherer vanishes, i.e.r + = 0. Taking the limit for β → 0, and choosing r 0 = m 1 , we obtain the geometry of the Majumdar-Papapetrou-NUT spacetime near the horizon of the black hole of mass m 1
Note that this near horizon geometry corresponds exactly with the one of the extreme Reissner-Nordstrom-(NUT) black hole and that it does not depends on the NUT parameter, as in the single black hole case. Also note that in the presence of an ensemble of black holes, the geometry near the event horizon of a single black hole still falls in the standard class of the extremal near horizon geometries described in [35] . In the case under consideration the near horizon metric represents a warped product of and performing the β → 0 limit. The resulting near horizon geometry is described by the metric To obtain the near horizon form of the electromagnetic potential we firstly perform the usual gauge transformation on the vector potential A t → A t + Ψ e of the non-extremal solution (5.10); then in the coordinates adapted to the horizon we take the β → 0 limit, which gives
Following the technique provided by the Kerr/CFT framework [29] , [30] it is possible to evaluate the so called microscopic entropy of the Majumdar-Papapetrou di-hole. In the case under consideration multiple disconnected event horizons are present therefore the procedure, originally found for a single black hole, have to be somehow adapted. The more straightfull case is certainly when the two extremal sources have the same mass, because in that case the boundary condition of the near horizon geometry can be considered on the same footing. On the other hand when the two sources are not identical the easier approach is to treat each one individually. According to the standard prescription given by the Kerr/CFT correspondence, the microscopic entropy of the extremal black hole is associated to the (left) temperature and the central charge of the associated modular invariant conformal field theory model located on the boundary of the near horizon solution, as described by the Cardy formula
As explained for the single black hole case treated in section 5.3, the left temperature of the boundary conformal field theory is associated with the chemical potential T e defined in (5.41) and (5.52). Since the Majumdar-Papapetrou di-hole is associated to a couple of conformal system we treat the above quantities additively
In this way, from (5.62)-(5.64), the resulting entropy of the conformal field model associated to the double black hole ensemble of the Majumdar-Papapetrou solution is given by
As expected, the entropy of the gravitational system inferred by the conformal field techniques and near horizon analysis coincides with a quarter of the total area A of the event horizons of the two black holes, in agreement with the Bakenstein-Hawking formula. Lastly we stress the utility of the non-extremal solution of section 5.1, in the above framework, because the chemical potential T e is defined through a limit from non-extremal quantities.
Second Law of Thermodynamics
Even though the solution we generated is not dynamical and therefore it can not describe the collision and merging process of the two sources, as time changes, we still can estimate which of the two configurations described either by the disjoint ensemble of two black holes of Majumdar-Papapetrou type or by the collapsed configuration, is thermodynamically favoured; specifically which of the two has the bigger entropy. The collapsed configuration can be obtained just by letting the distance between the two sources, ℓ, as defined in (5.9), going to zero, i.e. λ → 0. In that case the resulting black hole has a mass and the electric charges given by the sum of the ensemble components. Note that both configurations have the same total mass and total electric charge. Extremal black hole entropy is still a puzzling issue even for single sources. In fact, while from the semiclassical action approach [42] , [41] , [43] the extremal black hole entropy seems to be null, from a microscopical point of view, according to string theory [44] or the Kerr/CFT correspondence [29] , the black hole entropy follows the usual Bekenstein-Hawking formula, i.e. a quarter of the event horizon area. Works in the licterature trying to clarify the discrepancy, such as [45] and [46] , point to validate the Bekentein-Hawking area law also at extremality. Black hole entropy becomes even a more puzzling issue when the NUT parameter deforms the extremal black hole, because there are different results, where the NUT parameter plays an active role or not, depending also on the interpretation of the Misner string related to these spacetimes, [47] . In section 5.3 it is shown how, according to the Kerr/CFT correspondence approach, for a single extremal and charged black hole with NUT the Bekenstein-Hawking formula holds (without any role played by the NUT parameter). Furthermore we have seen, in the previous subsection, as the same computation for the entropy of the double source solution can be also realised.
As the strong similitude between the near horizon geometry of the single and of the double extremal systems suggests, we have found that also the entropy of the Majumdar-Papapetrou-(NUT) black holes is given by a quarter of its event horizon area. Actually even without taking into account the duality relation with the conformal theory, just from the near-horizon metricds, as in (5.60), it is very easy to deduce the areas A 1 and A 2 of each of the couple of black holes, which is
Hence the total entropy provided by the system of two separated extremal black holes S ⊙⊙ come out to be proportional to the sum of the two horizon surfaces
On the other hand the entropy S of the system where the two black holes are joint is given by
Therefore, for the same values mass and electric charge, the collapsed single black hole is the thermodynamically favoured configuration due to its higher entropy
in agreement with the Hawking area law, which states that from a classical point of view 19 the even horizon area of a black hole tends to increase. Hence this relatively simple model allows us to confirm that the second law of black hole thermodynamics is verified for extremal (and charged) binary merging. A similar result have been found recently for a different couple of black holes held at equilibrium by a conical singularity [48] . Note that the equality in eq (5.69) holds only if one of the black hole disappears, that is its mass parameter is null; for all other proper double source configuration only the strict inequality holds. In all this thermodynamics discussion the presence of the NUT parameter is quite irrelevant, as it does not directly plays a role in the final values of the charged black hole entropy (nor area), as it occurs also in the single source seen in section 5.3. Therefore we can state that, also for the standard double MajudarPapapetrou di-hole spacetime, the more entropic state is given by the collapsed one.
Summary, Comments and Conclusions
In this article a detailed study of the Ehlers transformation is presented. It is shown why the known methods used to add the NUT parameter to an axisymmetric and stationary spacetime in general relativity are not precise when the Maxwell electromagnetic field is coupled to the gravitational theory. We have shown how to modify the Ehlers and the Reina-Treves transformations in order to generalise an electrovacuum spacetime by adding the NUT parameter. The transformation is also able to remove the NUT charge when it is applied to a seed endowed with an undesired NUT parameter, without deforming the electromagnetic potential. We have applied this enhanced transformation of the Ersnt equations to obtain a new solution representing a NUT generalisation of a couple of charged black holes at equilibrium. The extremal limit of this metric gives the Majumdar-Papapetrou-NUT spacetime. Moreover thanks to the near horizon techniques some thermodynamic properties of the Majumdar-Papapetrou-(NUT) solution are studied. Since the solution, when varying the parameters, can describe both a single or a double black hole event horizon, it is possible to confirm which configuration of the system is favoured from a thermodynamic point of view. The outcome is in agreement with the second law of black hole thermodynamic because, for a given mass, the bigger entropy configuration is obtained when the parameters of the solution are such that the two black hole are collapsed in a single one, which have a bigger area as well.
The extremal character of the Majumdar-Papapetrou-(NUT) solution provide a good testing ground to prove the applicability of the techniques borrowed from the Kerr/CFT correspondence also for multi black hole configurations. In particular it was possible to reproduce the microscopic entropy for the extremal charged di-hole system. We observe that, following [49] - [50] , the procedure illustrate here is easily generalisable to the presence of a minimally or a conformally coupled scalar field 20 (and all the related scalar-tensor gravitational theories connected with them by a conformal transformation, such as some Branse-Dicke or f (R)). On the other hand the generalisation to the presence of the cosmological constant is not that easy because the breaking of the symmetries of the Ersnt equations [51] .
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A Notation: Differential operators in various coordinates
Let's fix the notation of section 3, in particular the definition of differential operators in various coordinate systems. One of the merit of writing the Einstein-Maxwell equations using the Lewis-Wayl-Papapetrou ansatz in coordinates (ρ, z) is that the gravitational equations, which usually are written by curved differential operators, can be easier written in terms of flat differential operators. The same non-trivial property is inherited also by the complex Ernst equations. For this reason we are interested in flat three-dimensional spacetime in cylindrical coordinates (ρ, z, ϕ), whose metric can be written as
(A.1) 20 In particular the NUT generalisation of the Bekenstein black hole is worked out in [52] .
For any scalar f (ρ, z, ϕ) or vectorial function B Kerr-Newman-NUT solution from the enhanced Reina-Treves transformation
For sake of completeness we sum up the main results of the generalised enhanced Reina-Treves transformation applied to the Kerr-Newman black hole to obtain the Kerr-Newman-NUT solution.
In practice we apply, instead of the standard Ehlers transformation (2.13-III) the enhanced generalised Reina-Treves transforamtion (4.9), to the Kerr-Newman seed (E 0 , Φ 0 ) of eqs (3.12)-(3.11). Thus instead of (3.13)-(3.14) we have E 0 (r, x) −→ E N (r, x) = E 0 (r, x) + ib 1 + ibE 0 (r, In this case t, a, q, p remain the same. The nut parameter ℓ is related to the enhanced generalised ReinaTreves transformation parameter b through the equation
As can be easily understood the new transformation is more economical because no extra transformation is required and minimal adjustment of the parameter and coordinates is needed. Moreover it shorten the results, therefore it simplifies also the interpretation of the generated output, in particular when the output is a novel unknown solution.
C NUT generalisation of the Majumdar-Papapetrou in (ρ, z) coordinates
It is not difficult to get the NUT generalisation of the Majumdar-Papapetrou metric in the original cylindrical coordinates (ρ, z) of the Lewis-Wayl-Papapetrou metric (2.4)
